Poisson's ratio is considered. Fundamental solutions for homogeneous, isotropic and linear elastic solids are applied in the formulation. To avoid displacement gradients in the domain-integral, normalized displacements are introduced. By using the radial integration method, the domain-integral is transformed into boundary integrals over the global boundary. The normalized displacements in the domain-integral are approximated by a combination of radial basis functions and polynomials in terms of global coordinates, which leads to a meshless scheme. Special attention of the analysis is devoted to the computation of the most important crack-tip characterizing parameters of cracked FGMs, namely the stress intensity factors. To show the effects of the material gradation on the stress intensity factors, numerical examples are presented and discussed.
Introduction
In recent years, a new class of composite materials, the so-called functionally graded [3] [4] [5] [6] [7] , the classical finite element method (FEM) [8] [9] [10] [11] [12] [13] [14] [15] , the graded finite element method [16] [17] [18] [19] , the extended finite element method (XFEM) [20] , the element-free Galerkin method (EFG) [21, 22] , the boundary integral equation method (BIEM) or boundary element method (BEM) [23] [24] [25] [26] [27] , and the meshless Petrov-Galerkin method (MLPG) [28] [29] [30] [31] .
Although the BEM has been successfully applied to homogeneous, isotropic and linear elastic solids for many years, its application to FGMs is yet very limited due the fact that the corresponding fundamental solutions or Green' s functions for general FGMs are either not available or mathematically too complex [32, 33] . 
Boundary-Domain Integral Equations
We consider 2-D, continuously nonhomogeneous, isotropic and linear elastic FGMs. In the absence of body forces, the equilibrium equations are given by
where ij σ represents the stress tensor, a comma after a quantity represents spatial derivatives and repeated indexes denote summation. It is assumed that the Young's modulus ( ) E x of the FGMs depends on Cartesian coordinates while Poisson's ratio ν is constant. In this case, the elasticity tensor ( ) ijkl C x can be written as
where ( ) ( ) 2(1 )
In Eqs. (2) and (3) 
The traction vector i t on the boundary of the considered domain is related to the stress components by
where j n is the outward unit normal vector to the boundary Γ of the domain Ω .
The weak-form of the equilibrium equations (1) can be written as
where ( , ) ij U x y is the weight or test function. Substitution of Eq. (4) into Eq. (6) and application of Gauss's divergence theorem yield
where
For the weight function ( , ) ij U x y , we choose the displacement fundamental solutions for homogeneous, isotropic and linear elastic solids, which satisfy the following partial differential equations
where ( ) δ − x y is the Dirac delta function. The solution ( , ) ij U x y of Eq. (10) is given by the Kelvin's displacement fundamental solutions for homogeneous, isotropic and linear elastic solids with µ =1, which can be written as [36] , ,
where -r = x y . Substitution of Eq. (10) into Eq. (7) and application of the sifting property of the Dirac delta function lead to
where the normalized displacements ( ) i u x and the normalized shear modulus ( ) µ x are defined by
The fundamental solutions ( , ) ij T x y and ( , ) ij V x y arising in Eq. (12) can be expressed as [36] ( 
T n n r n r r r r n r ν ν δ π ν
Boundary-domain integral equations for boundary points can be obtained by letting µ is constant and ( , ) ij V x y thus becomes very simple for integration.
Numerical Solution Procedure
The boundary discretization of the boundary-domain integral equations (12) 
0, ,
where A d is the support size for the application point A.
The unknown coefficients 
where α α α α is a vector containing the coefficients 
Substitution of Eq. (18) into the domain-integral of Eq. (12) results in
The domain-integrals in Eq. (23) can be transformed into boundary integrals by using RIM [34, 35] as ( ) 
is used for the transformation from x to r. The last two radial integrals in Eq. (25) can be evaluated analytically. The first radial integral in Eq. (25) is regular and can be computed numerically by using standard Gaussian quadrature formula. To this end, the function ( ) A R φ should be expressed as a function of r , which can be done by using the following relation (see Fig. 1 
After numerical integrations and substitution of Eq. (22) Equations (31) and (32) can be written in a more compact form as
where I is the identity matrix. From Eq. (33), both the boundary unknowns b x and the normalized internal displacements i u can be obtained numerically. Then, the true displacements can be obtained by using Eq. (13) . Subsequently, the stresses at internal points can be computed by a usual data post-processing.
Computation of Stress Intensity Factors
Since the asymptotic crack-tip field for continuously nonhomogenous, isotropic and linear elastic solids has the same structure as that for homogeneous, isotropic and linear elastic solids [8] , the stress intensity factors can be computed by using the following
3 4 , plane strain, (3 ) /(1 ), plane stress,
where r is the radial coordinate with the origin at the crack-tip, 1 (37) in which the displacements at the discrete nodes r α from the crack-tip are used.
Numerical Results
In the first numerical example, we consider an edge crack parallel to the material gradation in a rectangular FGM plate, which is subjected to a uniform tensile loading as depicted in Fig. 2 . The geometry of the cracked plate is described by: plate width x -direction parallel to the crack is described by the an exponential law
with 0 E and w E being the Young's modulus at the left and the right side of the plate.
Poisson's ratio is taken as ν =0.25 and plane strain condition is assumed in the numerical calculations. Due to symmetry of the problem, only one half of the plate is considered. 180 boundary nodes and 251 internal nodes are used in the discretization.
On the global boundary of the plate, 3-noded quadratic boundary elements are applied.
To consider the stress concentration near the crack-tip, dense boundary and internal nodes are used as shown in Fig. 3 .
To test the accuracy of the implemented BEM, the computed displacement Our numerical results have shown that some internal nodes are required to achieve a sufficient accuracy of the numerical results [40] . Otherwise the implemented BEM is quite robust and insensitive with respect to the used number and distribution of internal nodes. Generally speaking, an increase in the number of internal nodes improves the accuracy of the present numerical method, but it may increase the required computing time drastically.
The normalized mode-I stress intensity factor In the second numerical example, we consider an edge crack perpendicular to the material gradation in a rectangular functionally graded plate as depicted in Fig. 6 . The cracked plate has the same geometry and loading condition as in the first numerical example. The material gradation in the 2 x -direction perpendicular to the crack is described by an exponential law as
with 0 E and H E being the Young's modulus at the bottom and the top side of the cracked plate. Also here, Poisson's ratio is taken as ν =0.25 and plane strain condition is assumed in the numerical calculations. Young's modulus at the bottom side of the plate is fixed as 0 10000 E = , while Young's modulus at the bottom side of the plate is varied.
For the discretization of the cracked plate, 139 boundary elements with 254 boundary nodes and 502 internal nodes are used. The node distribution is shown in Fig. 7 . factor has direct relevance to the direction of the crack propagation.
Conclusions
In this paper, fracture analysis of cracked FGMs by a BEM is presented. By using fundamental solutions for homogeneous, isotropic and linear elastic solids, a boundarydomain integral equation formulation is obtained. Normalized displacements are introduced to avoid displacement gradients in the domain-integral. A numerical solution procedure is developed to solve the boundary-domain integral equations. The domainintegral is transformed into boundary integrals over the global boundary of the considered domain by using the radial integration method of Gao [34, 35] . The present method is a meshless method, which is suitable for crack analysis of 2-D continuously nonhomogeneous, isotropic and linear elastic FGMs. Numerical results show that the materials gradient may have significant influences on the stress intensity factors. 
